Abstract. Let I be an ideal in a Gorenstein local ring A with the maximal ideal m. Then we say that I is an equimultiple good ideal in A, if I contains a reduction Q = (a 1 , a 2 , · · · , a s ) generated by s elements in A and G(I) = ⊕ n≥0 I n /I n+1 of I is a Gorenstein ring with a(G(I)) = 1 − s, where s = ht A I and a(G(I)) denotes the a-invariant of G(I). Let X s A denote the set of equimultiple good ideals I in A with ht A I = s, R(I) = A[It] be the Rees algebra of I, and K R(I) denote the canonical module of R(I). Let a ∈ I such that I n+1 = aI n for some n ≥ 0 and µ A (I) ≥ 2, where µ A (I) denotes the number of elements in a minimal system of generators of I. Assume that A/I is a Cohen-Macaulay ring. We show that the following conditions are equivalent.
Introduction
Let A be a Gorenstein local ring with the maximal ideal m and d = dim A. Let t be an indeterminate over A. For an ideal I in A we put
R(I) = A[It] ⊆ A[t],

R (I) = A[It, t
−1 ], and
which we call the Rees algebra, the extended Rees algebra, and the associated graded ring of I, respectively. We denote by K A , K R(I) , and 
G(I)/(a 1 t, · · · , a s t)G(I) ∼ = G(I/Q)
as graded A-algebras ( [9] ). We have a(G(I)) = r Q (I)−ht A I ([5, (3.1.6)]), since G(I/Q) is a Cohen-Macaulay ring with a(G(I/Q)) = r Q (I). From this point of view S. Goto and M. Kim generalized the concept of good ideals in [4] , which was first introduced by the first author, S. Iai, and K. Watanabe ( [3] ).
Let I ( = A) be an ideal in A with ht A I = s. Then we say that I is an equimultiple good ideal in A if I contains a reduction Q = (a 1 , · · · , a s ) generated by s elements in A and G(I) is a Gorenstein ring with a(G(I)) = 1 − s. For each 0 ≤ s ∈ Z let X s A be the set of equimultiple good ideals I in A with ht A I = s. In [3] S. Goto, S. Iai, and K. Watanabe intensively studied m-primary good ideals I, that is, the case where ht A I = d, and gave many inspiring results. In [4] S. Goto and M. Kim successfully generalized some of results in [3] to those of equimultiple case with improvements. This research is in succession to [4] . The purpose of this paper is to prove the following. Section 2 is devoted to some preliminaries. In Section 3, we will give the proofs of Theorem 1.1 and Theorem 1.2.
Before entering into details, let us fix again the standard notation in this paper. Throughout let (A, m) denote a Gorenstein local ring with d = dimA. We denote by µ A ( * ) the number of elements in a minimal system of generators and by A ( * ) the length. Let S = ⊕ n∈Z S n be a Noetherian graded ring and assume that S contains a unique graded maximal ideal M. We denote by H . For each n ∈ Z let E(n) stand for the graded S-module, whose underlying S-module coincide with that of E and whose graduation is given by [E(n)] i = E n+i for all i ∈ Z. We denote by K S the graded canonical module of S, if it exists. We refer the reader to [1] , [6] , [7] , or [8] for any unexplained notation or terminology.
Preliminaries
Let s ∈ Z and I ( = A) be an ideal in A with ht A I = s. The purpose of this section is to summarize some basic results on equimultiple good ideals.
Let us state the definition of equimultiple good ideals. We close this section with the following Theorem 2.5, which shows that the equimultiple good ideals behave well under flat ring extension. 
Main theorems
Let I ( = A) be an ideal in A with ht A I = 1 and assume that I contains an element a with I n+1 = aI n for some n ≥ 0. Hence a is a nonzerodivisor of A. Let K = Q(A) be the total quotient ring of A. We denote by Y A the set of Gorenstein A-subalgebras C of K such that C A but the A-module C is finitely generated. Let us note the next criterions, which play a key role in the present paper. 
As a consequence of Theorem 3.2 we get the following. We now prove the main Theorem, which gives a characterization of ideals I for which aA : I ∈ X We need the following.
Proof of Claim 1. Assume the contrary and choose p ∈ Ass A (I Let P = R(aA) = A [at] . Let N = mP + P + and apply the functor H i N ( * ) to the exact sequence (*). By the Local Duality theorem for graded modules, we get the isomorphisms
/aI). Then p ⊇ I and ht
A p = 1, because p ∈ Ass A (I 2 /aI) ⊆ Ass A (A/aI) = Assh A (A/aI). Hence I 2 A p aIA p , so that we have IA p aA p . How- ever we get that K R p ∼ = (K R ) p ∼ = (R + ) p ∼ = (R p ) + by our assumption.Ext i P (S/R, K P ) ∼ = (H (d+1)−i N (S/R)) ∨ ∼ = (H (d+1)−i m (C/A)) ∨ ,
where [ * ]
∨ denotes the Matlis Duality. Hence Ext i P (S/R, K P ) = 0 for i = 2, by Claim 2. Let us apply the functor Ext i P ( * , K P ) to the exact sequence (*). Then we get the isomorphism Hom P (R, K P ) ∼ = Hom P (S, K P ).
Since P = A[at] is the polynomial ring over A, we have isomorphism
Hence the ring C is Gorenstein. Therefore by Theorem 3.2 and Lemma 3.1 (2) aA : I ∈ X The following is an immediate consequence of Theorem 3.4. However we give a direct proof of Theorem 3.6. Proof. Let a ∈ A such that I 2 = aI. We put P = R(aA) = A [at] . Then at is transcendental over A, because a is A-regular. Hence P is the polynomial ring over A, so that the ring P is Gorenstein with a(P) = −1. If we could show this claim, we get that K R (1) ∼ = (P : R) ∼ = R + (1), so that K R ∼ = R + .
Proof of Claim.
We have IR = IP as I n+1 = a n I for all n ≥ 0, whence IR ⊆ (P : R). Let a n t n ∈ (P : R) with n ≥ 0. Then a , so that a n t n ∈ IR. Thus (P : R) = IR ∼ = R + (1). Therefore we complete the proof of Theorem 3.7. 
